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Abstract

The Monte-Carlo (MC) approach of Paper I is developed to predict the birefringence of PET. An extension of the modelling of polarisability
is used that accounts for chain flexibility and for structural units containing several types of bonds. The rotational-isomeric-state (RIS) model for
PET chains in melts is employed to calculate the polarisability of the terephthaloyl segment and of each of the 27 possible conformations of the
five skeletal bonds of the glycol segment. These polarisabilities then enable the birefringent properties of drawn PET melts to be predicted.
A method of pre-averaging the individual glycol polarisabilities that greatly reduces the length of the calculation is shown to be valid.

It is found that shorter PET chains produce higher values of birefringence (D~n) for a given deformation. This trend is due to greater pro-
portions of the chains reaching higher conformational extensions and therefore becoming more oriented. In disagreement with Kuhn and
Grün theory, D~n is not linearly related to l2� l�1. This non-linear behaviour is related to the non-linear behaviour of the orientation functions
of the terephthaloyl and glycol segments, hP2(cos zter)i and hP2(cos zgly)i, with l2� l�1. The non-linear behaviour of hP2(cos zter)i with
l2� l�1 was confirmed experimentally in Paper I, where the measured values of hP2(cos zter)i were found to be closely predicted by the present
MC modelling.

In the present paper, the predicted values of D~n, calculated according to various published values of bond polarisabilities are presented and
discussed. They will be used in Paper III to model the measured birefringence of drawn PET.
� 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

An amorphous polymer-network material is usually opti-
cally isotropic as its chains are randomly oriented. It is there-
fore characterised by a single value of refractive index, ~n,
irrespective of the direction of the incident light used. How-
ever, if such a material is subjected to a macroscopic strain,
molecular orientation develops and the material may begin
to show anisotropic properties, including optical anisotropy
or birefringence.

* Corresponding author. Tel./fax: þ44 1625 872581.

E-mail address: rfts@tesco.net (R.F.T. Stepto).
0032-3861/$ - see front matter � 2007 Elsevier Ltd. All rights reserved.

doi:10.1016/j.polymer.2006.12.049
The photoelastic properties of elastomeric networks re-
ceived particular attention in the period 1945e1970, due to
the studies of Treloar, Saunders, Gent and their collaborators
on rubbers and crosslinked polyethenes. The starting point
for an understanding of the development of optical anisotropy
with strain was the 1942-theory of Kuhn and Grün [1]. This
theory replaces the true molecular network by an idealised net-
work of n identical Gaussian chains, each of which consists of
m freely-jointed links of length l0. They are equivalent random
links in that any valence-angle and conformational restrictions
are accounted for by matching the dimensions of this hypo-
thetical chain with those of a real chain. The dimensions usu-
ally chosen are the mean-square end-to-end distance
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and the fully-extended chain length (rmax). For strains that are
not too large, the Kuhn and Grün theory shows that both bire-
fringence, D~n, and true stress, t, are proportional to l2� l�1,
where l is the deformation ratio. Hence, there is a constant
stresseoptical coefficient, C, where

C¼ D~n

t
ð1Þ

It was soon recognised that the Gaussian network model
was inadequate because, even at comparatively modest defor-
mation ratios, the stresseoptical coefficient, as defined by
Eq. (1), was not a constant. Early attempts to deal with this
issue on the basis of the inverse Langevin function have
been well described by Treloar [2] and by Saunders [3]. These
studies left some major issues unresolved, partly due to uncer-
tainties in predicting accurate values for bond polarisabilities
and partly due to uncertainties in dealing with the issue of
some chains in a network becoming fully extended.

Pinnock and Ward [4] undertook stresseoptical measure-
ments to gain an understanding of the molecular mechanism
of the deformation of poly(ethylene terephthalate) (PET) and
used the Kuhn and Grün theory for deformation in the rubbery
state. The equivalent random-link model for PET did suggest
that in tensile drawing a substantial proportion of the molecu-
lar chains becomes fully extended at comparatively low draw
ratios [5]. In an extension of this work by Nobbs and Bower
[6], it was proposed that fully-extended chains rotated accord-
ing to the affine deformation scheme, but any changes in the
lengths of the rotating vector lines were ignored. This process
has been called pseudo-affine deformation [7] and corresponds
to that proposed by Kratky [8] for the orientation of crystals in
semi-crystalline polymers.

In the present paper, the Monte-Carlo (MC) approach of
the preceding paper [9] is used to predict the birefringence
of PET. This approach has previously been successfully ap-
plied to predict the network stressestrain properties of poly-
ethylene (PE) and poly(dimethyl siloxane) (PDMS) [10,11],
and to predict the stresseoptical properties of PE [12,13],
where it was shown that the Kuhn and Grün theory is quanti-
tatively incorrect.

The prediction of D~n for PET needs an extension to the MC
modelling of polarisability to include chain flexibility and
structural units containing several different types of bonds.
In previous papers [4,14,15] it has been assumed that it is
adequate to consider that a whole PET repeat unit becomes
aligned with no account being taken of changes in skeletal-
bond conformations during stretching. This assumption is
clearly inadequate and in the present paper the PET molecules
are regarded as aggregates of two types of segments and de-
tailed calculations are made of the polarisabilities resulting
from the different conformations that occur of both the tereph-
thaloyl and glycol segments. The rotational-isomeric-state
(RIS) model for PET chains in melts described previously
[9,16e18] is first used to calculate the polarisabilities of the
trans and cis isomers of the terephthaloyl segment and of
the different conformations of the glycol segments. The
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Fig. 1. Trans and cis PET repeat-unit structures. After Williams and Flory [19]; skeletal atoms are labelled 1e6, and the ith skeletal bond connects pairs of atoms

with indices i and i� 1; bond lengths are denoted li. The fully-extended length of the trans repeat unit is 1.095 nm. The terephthaloyl segment spans from skeletal

atoms C1 to C2 and the glycol segment from skeletal atoms C2 to C1. The angles xter, xgly and xrep are those subtended to the chain end-to-end vector by, respec-

tively, the terephthaloyl segment vector, the glycol segment vector and the repeat-unit segment vector.
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latter segments contain five skeletal bonds (see Fig. 1) for
which there are 27 possible conformations (see later). The
conformational-dependent polarisabilities are then used in
the MC network calculations to predict the birefringent prop-
erties of drawn PET melts. As part of the modelling approach,
a method of pre-averaging the individual glycol polarisabil-
ities is described that greatly reduces the length of the calcu-
lation. (See Fig. 6 and related discussion.)

2. Geometry of the PET chain and RIS model

With reference to the trans-terephthaloyl and cis-terephtha-
loyl isomers of the six-bond repeat-unit structure shown in
Fig. 1, the geometrical parameters (bond lengths, li, and
valence-angle supplements, qi) taken from Williams and Flory
[19], are as follows: l1¼ l3¼ lOeC0 ¼ 0.134 nm (C0 denotes the
carbonyl carbon atom), l4¼ l6¼ lOeC¼ 0.144 nm, l5¼ lCeC¼
0.153 nm, l2¼ 0.574 nm (virtual bond), q1¼ q2¼ 66�, q3¼
q6¼ 67�, and q4¼ q5¼ 70�. The terephthaloyl segment vector
is defined as lying along the virtual bond, l2, between the car-
bonyl carbons; the glycol segment vector is defined as the
straight-line joining the carbonyl carbons across the glycol
residue; and the repeat-unit vector (indicated by a dashed
double-line in Fig. 1(a)) is defined by the straight-line joining
successive oxygen atoms labelled 6. It can be seen that a chain
of N repeat units has only N� 1 complete glycol units. The
Nth unit is split and is constituted of the first bond in a chain
(O6eC1) and the last four bonds in a chain (C2eO6).

Fig. 1(a) shows two repeat units of the fully-extended all-
trans-terephthaloyl PET chain. In this state, the angle between
the terephthaloyl segment and the end-to-end vector, xter, is
20.5�; the angle between the glycol segment and the end-to-
end-vector, xgly, is 19.8�; and the angle between the repeat-
unit vector and the end-to-end vector, xrep, is 0�. Fig. 1(b)
shows two repeat units of a fully-extended all-cis-terephtha-
loyl PET chain; in this state xter¼ 0�, xgly¼ 40.3� and
xrep¼ 20.5�.

In RIS models, the statistical weight, uzh;i associated with
a rotational state h of skeletal bond i is also dependent upon
the state z at bond i� 1. The value of uzh;i is related to the
corresponding rotational energy, Ezh;i, by

uzh;i ¼ exp

�
�Ezh;i

RT

�
: ð2Þ

The set of interdependent statistical weights pertaining to
all rotational states for a given bond pair can be expressed
in the form of a statistical weights matrix Ui¼ [uzh;i], with
states z for bond i� 1 indexing the rows and states h for
bond i indexing the columns. The rotational states are cis
and trans for the terephthaloyl segment and gauche� ( g�),
trans (t) and gaucheþ ( gþ) for the bonds of the glycol seg-
ment. The statistical weight matrices for the six skeletal bonds
of the PET repeat unit (see Fig. 1) are listed in the following
equations [16,19]:
is2;3; Ui ¼

2
6664

g� t gþ

g�

t

gþ

3
7775; U2 ¼

2
6664

cis trans

g�

t

gþ

3
7775;

U3 ¼

2
64

g� t gþ

cis

trans

3
75

U1 ¼

2
40 1 0

0 1 0
0 1 0

3
5 ð3Þ

U2 ¼

2
40 0

1 1
0 0

3
5 ð4Þ

U3 ¼
�

0 1 0
0 1 0

�
ð5Þ

U4 ¼

2
4 0 0 0

s4 1 s4

0 0 0

3
5 ð6Þ

U5 ¼

2
4 s5 1 s5u

s5 1 s5

s5u 1 s5

3
5 ð7Þ

U6 ¼

2
4 s6 1 s6u

s6 1 s6

s6u 1 s6

3
5 ð8Þ

The model has gauche conformational states of bonds 4, 5 and 6
at fg�¼�120�. The energies [16,17] associated with the statis-
tical weights s4, s5, s6 and u are Es4

¼ Es6
¼ 1:75 kJ mol�1,

Es5
¼ �4:16 kJ mol�1 and Eu ¼ 5:80 kJ mol�1.

3. Bond and segmental polarisabilities

Fig. 2 depicts a bond in relation to an external Cartesian co-
ordinate system 0XYZ. One end is fixed at the origin. b1, the
component polarisability along the bond, is shown, and b2

and b3 (not shown) denote the component polarisabilities per-
pendicular to the bond. The component bond polarisabilities
are assumed to be cylindrically symmetrical, so that b2¼ b3.
Because all values of f are equally probable, one finds that
the principle component polarisabilities along the external
axes 0X, 0Y and 0Z are given by the equations [20]

bx ¼ b1cos2qþ b2sin2q¼ 1

3
ðb1 þ 2b2Þ þ

2

3
ðb1� b2ÞP2ðcos qÞ

ð9Þ

by ¼ bz ¼
1

3
ðb1þ 2b2Þ �

1

3
ðb1� b2ÞP2ðcos qÞ ð10Þ
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where

P2ðcos qÞ ¼ 1

2

�
3cos2q� 1

�
ð11Þ

To treat structural units (segments) composed of several
(nseg) bonds, the components of the polarisabilities for the
individual bonds are simply added to give

bx ¼
1

3

Xnseg

i¼1

�
b1;iþ 2b2;i

�
þ
Xnseg

i¼1

�
b1;i� b2;i

�
P2ðcos qiÞ ð12Þ

by ¼
1

3

Xnseg

i¼1

�
b1;iþ 2b2;i

�
� 1

3

Xnseg

i¼1

�
b1;i� b2;i

�
P2ðcos qiÞ ð13Þ

Finally, if we let 0X be the direction of the end-to-end vector
of the segment, then qi is the angle that bond i subtends to that
vector.

4. Evaluation of PET segmental polarisabilities

4.1. Terephthaloyl segment

Fig. 3 shows the geometry of the terephthaloyl segment
with co-linear rotations giving trans and cis isomers of equal
weight. Because bond polarisabilities are not directional in
a negativeepositive sense, there is no difference between the
segmental polarisabilities of the cis and trans conformers.

Values of bter
x and bter

y for the terephthaloyl segment, calcu-
lated using published values of bond polarisabilities due to

Z
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1

Fig. 2. A bond positioned relative to an external set of Cartesian co-ordinates

0XYZ. One end is fixed at the origin; b1 is the component polarisability along

the bond, and b2 and b3 (not shown) are the component polarisabilities perpen-

dicular to the bond.

O

O
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Fig. 3. The terephthaloyl segment (C1 / C2) with bond rotations illustrated.

The terminal dashed bonds shown belong to the neighbouring glycol segments.
Bunn and Daubeny [21], Denbigh [22], and LeGrand and
Scacchetti [23], are given in Table 1. The bond polarisabilities
of Bunn and Daubeny have been conventionally used for PET
[4,14,24]. Those of Denbigh, with a larger value of the anisot-
ropy of the polarisabilities of the aliphatic CeC bond and
slightly different values of the polarisabilities of the C]O
and CeH bonds, have been shown to give quantitative agree-
ment with measured values of D~n of PE [12,13]. Sections 1, 2
and 3 of Table 1 show that, because there are proportionately
very few aliphatic CeC bonds in PET, there are only small dif-
ferences that result from the use of the Bunn and Daubeny
compared with the Denbigh bond polarisabilities for PET.
The LeGrand and Scacchetti bond polarisabilities are the
same as those of Denbigh, except for the polarisabilities of
the aromatic ring. The origins of the larger parallel polarisabil-
ity of the aromatic ring are not explained by LeGrand and
Scacchetti. The value is not consistent with the valence-optical
scheme used to calculate the Denbigh and Bunn and Daubeny
polarisabilities.

Because of theoretical reasons [20] and because of the
agreement with experiment they give for D~n of PE [12,13],
we have used Denbigh’s bond polarisabilities for discussion

Table 1

C6H4, terephthaloyl, trans-glycol and all-trans repeat-unit polarisabilities of

PET, calculated according to the bond polarisabilities of Bunn and Daubeny

[21], Denbigh [22], and LeGrand and Scacchetti [23], together with the refractive

indices and related quantities for hypothetical materials having the same density

as amorphous PET and constituted of fully-extended all-trans PET repeat units

1. C6H4 polarisabilities

Parallel/10�25 cm3 Perpendicular/10�25 cm3

LeGrand and Scacchetti 130.4 79.7

Denbigh 107.7 76.4

Bunn and Daubeny 108.6 82.4

2. Terephthaloyl segment polarisabilities

Parallel/10�25 cm3

ðbter
x Þ

Perpendicular/10�25 cm3

ðbter
y Þ

LeGrand and Scacchetti 182.8 108.4

Denbigh 160.1 110.1

Bunn and Daubeny 164.2 114.6

3. trans-Glycol segment polarisabilities

Parallel/10�25 cm3

ðbgly
x;transÞ

Perpendicular/10�25 cm3

ðbgly
y;transÞ

LeGrand and Scacchetti 79.84 46.68

Denbigh 79.84 46.68

Bunn and Daubeny 73.21 47.30

4. Repeat-unit polarisabilities, refractive indices and maximum birefringence

1025pk,rep/

cm3
1025pt,rep/

cm3
~nk ~nt D~nmax ~niso

LeGrand and Scacchetti 250 162 1.829 1.480 0.350 1.596

Denbigh 230 162 1.742 1.480 0.262 1.567

Bunn and Daubeny 228 166 1.735 1.497 0.238 1.576

pk,rep and pt,rep: repeat-unit polarisabilities parallel and perpendicular, respec-

tively, to the repeat-unit vector. ~nk and ~nt: refractive indices of a material

of completely aligned repeat units, parallel and perpendicular, respectively,

to the repeat-unit vectors. D~nmax: maximum possible birefringence of PET,

D~nmax¼ ~nk � ~nt. ~niso: refractive index of a material of randomly oriented

repeat units, ~niso¼ (~nk þ 2~nt)/3.
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of the interpretation of experimental results in Paper III [25].
Also, as just stated, the use of Bunn and Daubeny’s polaris-
abilities give values of D~n for PET that are only slightly lower
than those calculated using Denbigh’s polarisabilities. Some
comparisons are made in the present paper and in Paper III
with the results of using the LeGrand and Scacchetti C6H4

polarisabilities. Whilst the calculated values of D~n are higher
than those calculated using the Denbigh values, it will be seen
that the basic molecular interpretation of the behaviour of PET
chains on deformation is the same.

4.2. Glycol segment

Fig. 4 shows a glycol segment; the end-to-end vector of the
segment is along the line C2 / C1. The evaluation of the po-
larisability of the segment as a whole requires the summation
of the polarisabilities of all of the bonds in the segment and
needs to account for the various conformations that can occur.
If the bond vectors are expressed in a common co-ordinate sys-
tem then the segmental polarisabilities bgly

x and bgly
y can be

evaluated using Eqs. (12) and (13). The common co-ordinates
0XYZ used are defined with respect to the first two bonds. The
origin is at C2 and O3 lies along 0X having co-ordinates
(x,y,z)¼ (l3,0,0). Thus, bond vector l3¼ (l3,0,0). The co-
ordinates of C4 are chosen so that l4 has a positive projection
on 0X. In general, the transformation matrix, Ti, transforming
bond i into the co-ordinate system of bond i� 1 is [26]

Ti ¼

0
@ cos qi�1 sin qi�1 0

sin qi�1cos fi�1 �cos qi�1cos fi�1 sin fi�1

sin qi�1sin fi�1 �cos qi�1sin fi�1 �cos fi�1

1
A
ð14Þ

Putting f3¼ 0 as l3 and l4 must be coplanar, bond vector
l4¼ (l4,0,0) can be transformed into the co-ordinate system
of bond 3, giving

lI
4 ¼ T4,l4 ¼

0
B@

l0x4

l0y4

l0z4

1
CA¼

0
B@

cos q3 sin q3 0

sin q3 �cos q3 0

0 0 �1

1
CA
0
B@

l4

0

0

1
CA

¼

0
B@

l4cos q3

l4sin q3

0

1
CA: ð15Þ

Fig. 5 shows that the co-ordinates of C5, H41 and H42 de-
pend on the conformational angle f4 and the valence angles
OC

h
C ¼ q4; OC

h
H41, and OC

h
H42. For the model used
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Fig. 4. The glycol segment (C2 / C1) showing bond lengths, valence angles,

conformational angles, hydrogen atoms and skeletal-bond rotational angles.

The dashed bonds shown belong to the neighbouring terephthaloyl segments.
[16,17,19,26], all these angles are assumed to be equal to
70�. Also, f4¼�120�, 0�, 120� define the g�, t, and gþ states
of the C2⎯O3⎯C4⎯C5 sequence. The co-ordinates of C5 are
(l5,0,0) in its local co-ordinate system (0X along l5) and they
can be transformed into the co-ordinate system of bond 4 to
give l05¼ (l0x5, l0y5, l0z5), with0
@ l0x5

l0y5

l0z5

1
A¼

0
@ cos q4 sin q4 0

sin q4cos f4 �cos q4cos f4 sin f4

sin q4sin f4 �cos q4sin f4 �cos f4

1
A
0
@ l5

0
0

1
A
ð16Þ

The bonds C4eH41 and C4eH42 are treated similarly to
bond l5 but f4 0 f4þ 120� for C4eH41 and f4� 120� for
C4eH42. Thus,

lI
5 ¼ T5$l5; ð17Þ

lI
H41 ¼ TH41$lH41 ð18Þ

and lI
H42 ¼ TH42$lH42; ð19Þ

where li¼ (li,0,0). For T5, q¼ q4, f¼ f4; for TH41, q¼ q4,
f¼ f4þ 120�; and, for TH42, q¼ q4, f¼ f4� 120�.

The bond vectors l5, lH41, lH42 need to be further transposed
by rotation using T4, to give, in terms of the co-ordinate
system of bond 3

lII
5 ¼ T4$T5$l5; ð20Þ

lII
H41 ¼ T4$TH41$lH41 ð21Þ

and

lII
H42 ¼ T4$TH42$lH42: ð22Þ

Continuing this process over the remaining bonds in the glycol
unit gives, for the bond vectors in the co-ordinate system of
bond 3,

lIII
6 ¼ T4$T5$T6$l6; ð23Þ

lIII
H51 ¼ T4$T5$TH51$lH51; ð24Þ

lIII
H52 ¼ T4$T5$TH52$lH52 ð25Þ

and

lIV
1 ¼ T4$T5$T6$T1$l1; ð26Þ

C

O C

C

2

3 4

5

H 41H 42

4

4

4 + 120°

4 - 120°

Fig. 5. Defining the positions of C5 and the hydrogen atoms H41 and H42 due

to rotation about skeletal bond 4.
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where the bonds C5eH51 and C5eH52 are treated similarly
to bond l6 but f5 0 f5þ 120� for C5eH51 and
f5 0 f5� 120� for C5eH52.

The end-to-end vector of the glycol segment in the co-
ordinate system of bond 3 is

r¼

0
@ rx

ry

rz

1
A¼ l3þ lI

4þ lII
5 þ lIII

6 þ lIV
1 : ð27Þ

The angle, q, between r and a bond vector li is

cos qi ¼
li$r

lir
ð28Þ

li is, of course, expressed in the same co-ordinate system as r
and can be equal to l3; l

I
4; l

II
5 ;.; lIII

H52 or lIV
1 .

The glycol segmental polarisabilities along and perpendicu-
lar to the segment (end-to-end) vector, bgly

x and bgly
y , for the seg-

ment in a given conformation can now be found using Eqs. (12)
and (13). Summing over the 9 bonds in a glycol segment gives:

bgly
x ¼

1

3

X9

k¼1

�
b1;k þ 2b2;k

�
þ 2

3

X9

k¼1

�
b1;k � b2;k

�
P2ðcos qkÞ ð29Þ

bgly
y ¼

1

3

X9

k¼1

�
b1;k þ 2b2;k

�
� 1

3

X9

k¼1

�
b1;k � b2;k

�
P2ðcos qkÞ ð30Þ
There are 33 isomers of the glycol segment, corresponding
to f4, f5, f6, and each having 3 values (fg�, ft,
fgþ)¼ (�120�, 0�, 120�). Illustrative calculated values of
bgly

x and bgly
y for the 27 isomers using the Denbigh (or LeGrand

and Scacchetti) bond polarisabilities are given in Table 2.
(Both sets of authors give the same polarisabilities for the
bonds of the glycol unit.) The statistical weight of a segmental
conformation is denoted t4,5,6 in Table 2. For example, from
Eqs. (6)e(8), t4,5,6¼ s4$s5u$s6 for f4, f5 and f6 having
the particular rotational states of g�, gþ and gþ. The probabil-
ity of a conformation is t4,5,6/Z, where Z is the segmental
partition function [26].

Z ¼ J�

"Y6

i¼4

Ui

#
J ð31Þ

with

J� ¼ ½1 0 0 �; J ¼

2
41

1
1

3
5 ð32Þ

The probabilities multiplied by bgly
x and bgly

y give the contri-
butions of individual glycol conformations to the average
segmental polarisability. These contributions are summarised
in the final two columns of Table 2. Summing over these entries
gives the average values hbgly

x i ¼ 68:06� 10�25 cm3 and
Table 2

Glycol segmental polarisabilities, bgly
x and bgly

y , based on Denbigh [22] (or LeGrand and Scacchetti [23]) bond polarisabilities for the 27 possible conformations of

the glycol segment in PET, their probabilities (t4,5,6/Z ) at 523 K and contributions to the average segmental polarisabilities hbgly
x i and hbgly

y i
f4 f5 f6 1025 bx/cm3 1025 by/cm3 t4,5,6/Z 1025 bx (t4,5,6/Z )/cm3 1025 by (t4,5,6/Z )/cm3

t t t 79.84 46.68 0.038 3.04 1.77

t gþ t 77.81 47.69 0.157 12.21 7.48

t g� t 77.81 47.69 0.157 12.21 7.48

gþ t g� 67.36 52.92 0.012 0.78 0.61

g� t gþ 67.36 52.92 0.012 0.78 0.61

t t gþ 68.24 52.48 0.021 1.43 1.10

t t g� 68.24 52.48 0.021 1.43 1.10

gþ t t 67.74 52.73 0.021 1.42 1.11

g� t t 67.74 52.73 0.021 1.42 1.11

gþ t gþ 63.37 54.92 0.012 0.73 0.64

g� t g� 63.37 54.92 0.012 0.73 0.64

gþ gþ gþ 60.70 56.25 0.048 2.90 2.69

g� g� g� 60.70 56.25 0.048 2.90 2.69

t gþ g� 65.19 54.00 0.012 0.78 0.65

t g� gþ 65.19 54.00 0.012 0.78 0.65

t gþ gþ 62.34 55.43 0.087 5.40 4.80

t g� g� 62.34 55.43 0.087 5.40 4.80

gþ g� t 64.36 54.42 0.012 0.77 0.65

g� gþ t 64.36 54.42 0.012 0.77 0.65

gþ gþ t 61.59 55.81 0.087 5.33 4.83

g� g� t 61.59 55.81 0.087 5.33 4.83

g� gþ gþ 53.42 59.89 0.007 0.35 0.40

gþ g� g� 53.42 59.89 0.007 0.35 0.40

gþ gþ g� 53.24 59.98 0.007 0.35 0.40

g� g� gþ 53.24 59.98 0.007 0.35 0.40

gþ g� gþ 56.92 58.14 0.001 0.05 0.05

g� gþ g� 56.92 58.14 0.001 0.05 0.05

1.000 hbgly
x i ¼ 68:06 hbgly

y i ¼ 52:57
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hbgly
y i ¼ 52:57� 10�25 cm3. The difference between these two

values is much less than that given by the all-trans conforma-
tions, for which Table 1 and the first row in Table 2 give
bgly

x;trans¼ 79:84� 10�25 cm3 and bgly
y;trans¼ 46:68� 10�25 cm3.

We have tested two approaches for calculating the average
glycol segmental polarisability in a PET chain of a given num-
ber of repeat units. First, the polarisabilities for the individual
glycol conformations (bgly

x and bgly
y ) are summed over all the

segments in a network and the average evaluated. Second,
the average values ðhbgly

x i and hbgly
y iÞ are used for each glycol

segment. The latter approach results in a much simpler and
shorter calculation and is found (see later) to introduce
negligible numerical errors.

5. MC simulations of the orientation of bonds, segments
and network chains

In order to determine the contribution of the polarisability
of a segment to the polarisability of a network sample, it is
necessary to express each segment vector in the external lab-
oratory co-ordinates of the network in which the (uniaxial)
strain is expressed. As illustrated in Fig. 5 of Paper I, this res-
olution of vectors is achieved by evaluating the angle (x) that
the segment vector subtends to the end-to-end vector of the
chain (r) and the angle (j) that r subtends to the uniaxial strain
[12,13]. It is assumed that all positions on the cone defined by
x are equally probable. The Legendre addition theorem can
then be used [27] to define the (average) orientation function
P2(cos z) of the segment relative to the strain direction with

P2ðcos zÞ ¼ P2ðcos xÞ$P2ðcos jÞ ð33Þ

z is the effective angle between the segment and the strain
direction, consistent with the value of P2(cos z) given by
Eq. (33). Further, it should be noted that, although Fig. 5 of
Paper I refers to segment vectors, it can apply equally well
to individual bond vectors. Thus, we may use x and z as angles
describing orientations of any vector associated with a chain
once its co-ordinates are expressed in the common Cartesian
co-ordinate system for the chain.

In the MC method of generating chains in networks
[10,11], samples of chains distributed according to W(r), the
radial distribution function, are generated. Sample sizes of
about 3� 106 chains are used to match the values of hr2i with
the exact values calculated using matrix algebra [26]. The
Cartesian co-ordinate system for bond vectors is defined by
the first two skeletal bonds in a chain, l1 and l2 in Fig. 1, and
the transformation matrices, Ti, for all the bonds within seg-
ments (see Section 4.2) used to transform atom co-ordinates
from their local co-ordinate systems to those expressed in
the common co-ordinate system for the whole chain.

A network is constructed by growing a population of chains
with end-to-end distances distributed according to W(r) ran-
domly oriented in external space. In the MC network deforma-
tion algorithm, a sample of N z 5� 106 individual chains is
chosen from the population and subjected to a range of uniax-
ial macroscopic deformation ratios, l, in a fixed external
direction. The deformation is affine up to r¼ r*max, the effec-
tive conformationally fully-extended end-to-end distance of
the polymer chain. The significance of r*max has been discussed
previously [10,11]. The MC sample has W(r> r*max)¼ 0 and
no conformations occur in this range of r. Thus, for r> r*max

a chain vector merely rotates to align, eventually with the
deformation axis. This latter deformation is equivalent to
the pseudo-affine deformation scheme [7].

For a chain that is grown, the angle x subtended to the end-
to-end vector (r) is known for each of its bonds. In addition,
the skeletal bonds can be grouped into segments and the an-
gles xseg, between the segment vectors and r, are also known.
Further, at a given l, the angle j between r and the strain axis
is known.

6. Birefringence and segmental polarisabilities

For bulk polymer, the components of the refractive indices
parallel (~nk) and perpendicular (~nt) to the direction of the
applied strain can be expressed (through the LorentzeLorenz
equation) in terms of the molar masses (Mrep) and the average
parallel and perpendicular components of the polarisabilities
(hpk,repi and hpt,repi) of the repeat units.

~nk ¼
 

3þ 8prNAv

Mrep
hpk;repi

3� 4prNAv

Mrep
hpk;repi

!1=2

ð34Þ

and

~nt ¼
 

3þ 8prNAv

Mrep
hpt;repi

3� 4prNAv

Mrep
hpt;repi

!1=2

; ð35Þ

where r is the density of the sample. The birefringence is

D~n¼ ~nk � ~nt: ð36Þ

The predicted values of hpk,repi and hpt,repi are the average
values over the MC samples of repeat units. For randomly
oriented repeat units, hpk,repi ¼ hpt,repi and D~n¼ 0.

For small values of D~n (i.e. D~n� ~nk, ~nt), Eq. (36) can be
written as [20,28]

D~n¼ 2

9
pr

NAv

Mrep

�
~n2

oþ 2
�2

~no

�
hpk;repi � hpt;repi

�
: ð37Þ

~no is equal to the isotropic value of the refractive index at zero
strain. Also, Eq. (37) assumes that

~no ¼
�
~nk þ ~nt

�
=2 ð38Þ

and that ~noz~nkz~nt.
The expressions for hpk,repi and hpt,repi can be written in

terms of the terephthaloyl and glycol segmental polarisabil-
ities perpendicular and parallel to the strain direction, giving

hpk;repi ¼ hpk;teri þ hpk;glyi ð39Þ
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hpt;repi ¼ hpt;teri þ hpt;glyi ð40Þ

where, because bter
x and bter

y are constants, independent of
conformational angles and bgly

x and bgly
y are not independent

of P2(cos zgly) (compare Eqs. (12) and (13))

hpk;teri ¼
1

3

�
bter

x þ 2bter
y

	
þ 2

3

�
bter

x � bter
y

	
hP2ðcos zterÞi; ð41Þ

hpt;teri ¼
1

3

�
bter

x þ 2bter
y

	
� 1

3

�
bter

x � bter
y

	
hP2ðcos zterÞi; ð42Þ

hpk;glyi ¼
1

3

D�
bgly

x þ 2bgly
y

	E
þ 2

3

D�
bgly

x � bgly
y

	
P2

�
cos zgly

�E
ð43Þ

and

pt;gly

�
¼ 1

3

D�
bgly

x þ 2bgly
y

	E
� 1

3

D�
bgly

x � bgly
y

	
P2

�
cos zgly

�E
: ð44Þ

Also, from Eq. (33)

hP2ðcos zterÞi ¼ hP2ðcos xterÞ$P2ðcos jÞi: ð45Þ

hP2(cos zter)i is averaged over all terephthaloyl segments in
the MC sample used. If there are N chains in the sample and
each chain contains n repeat units then

hP2ðcos zterÞi ¼
1

Nn

XN

i¼1

Xn

j¼1

P2

�
cos zter;ij

�

¼ 1

Nn

XN

i¼1

Xn

j¼1

P2

�
cos xter;ij

�
$P2ðcos jiÞ: ð46Þ

No weighting factor is required as the Metropolis sampling
used means that chains are generated in proportion to their
statistical weights.

The expressions for hpk,glyi and hpt,glyi depend on the
conformations of the individual segments as well as their ori-
entation functions. The averages hðbgly

x þ 2bgly
y Þi and hðbgly

x �
bgly

y ÞP2ðcos zglyÞi are again over all the segments in the MC
sample, so for N chains each containing n repeat units,D�

bgly
x þ 2bgly

y

	E
¼


bgly

x

�
þ 2
D

bgly
y

E

¼ 1

Nn

XN

i¼1

Xn

j¼1

b
gly
x;ij þ

2

Nn

XN

i¼1

Xn

j¼1

b
gly
y;ij ð47Þ

D�
bgly

x � bgly
y

	
P2

�
cos zgly

�E
¼ 1

Nn

XN

i¼1

Xn

j¼1

�
b

gly
x;ij � b

gly
y;ij

�
�P2

�
cos zgly;ij

�
ð48Þ

As mentioned previously, the expressions and the calculations
can be greatly simplified if each glycol segment is assumed to
contribute its average polarisabilities, as calculated in Table 2.
In that case,
hpk;glyi ¼
1

3

�

bgly

x

�
þ 2


bgly

y

�	
þ 2

3

�

bgly

x

�
�


bgly

y

�	

P2

�
cos zgly

��
ð49Þ

and



pt;gly

�
¼ 1

3

�

bgly

x

�
þ 2


bgly

y

�	
� 1

3

�

bgly

x

�
�


bgly

y

�	

P2

�
cos zgly

��
; ð50Þ

where



P2

�
cos zgly

��
¼ 1

Nn

XN

i¼1

Xn

j¼1

P2

�
cos zgly;ij

�

¼ 1

Nn

XN

i¼1

Xn

j¼1

P2

�
cos xgly;ij

�
$P2ðcos jiÞ

¼


P2

�
cos xgly

�
$P2ðcos jÞ

�
: ð51Þ

Note that cos zgly,ij s cos zter,ij as Fig. 1 shows that the tereph-
thaloyl and glycol segments are not co-linear.

7. Segmental orientation and polarisability as functions
of chain extension

It is useful to evaluate the segmental polarisabilities with
respect to the direction of the chain end-to-end vector as
a function of chain extension r/rmax, where rmax is the end-
to-end distance of the geometrically fully-extended all-trans
chain. The evaluation is equivalent to putting P2(cos j)¼ 1
in Eqs. (41e51) so that P2(cos zter)¼ P2(cos xter) and
P2(cos zgly)¼ P2(cos xgly). The average polarisabilities evalu-
ated can be denoted hpk(xter)i, hpt(xter)i, hpk(xgly)i, hpt(xgly)i,
hpk(xrep)i and hpt(xrep)i to distinguish them from the polaris-
abilities with respect to the strain direction.

Fig. 6 shows hpk(xgly)i and hpt(xgly)i plotted versus r/rmax

for a PET chain of 120 bonds and evaluated using the Bunn
and Daubeny bond polarisabilities and the two different
methods of calculation described at the end of Section 4.2.
First, the individual values of bgly

x and bgly
y sampled for each

glycol segment in the MC simulation have been used accord-
ing to Eqs. (43) and (44). Second, the pre-averaged values
hbgly

x i and hbgly
y i have been used, with hpk(xgly)i and hpt(xgly)i

calculated using Eqs. (49) and (50). The maximum errors that
arise by assuming all of the glycol segments behave like an
average glycol segment occur at the largest value of r/rmax

sampled, namely, 1.5% for hpk(xgly)i and 0.9% for hpt(xgly)i
at r/rmax¼ 0.49. The apparent small maximum in hpk(xgly)i
and the small minimum in hpt(xgly)i calculated using the
individual bgly

x and bgly
y sampled are not significant. They are

due to the small number of chains sampled at the larger values
of r/rmax. For the intermediate values of r/rmax, it can be seen
that the use of hbgly

x i and hbgly
y i introduces small, systematic

errors that are difficult to explain without investigating the
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Fig. 6. hpkðxglyÞi and hptðxglyÞi for the glycol segments versus r/rmax for a PET chain of 120 bonds (20 repeat units) at 523 K, based on Bunn and Daubeny bond

polarisabilities [21], and using the individual values of bgly
x and bgly

y sampled and the weighted averages hbgly
x i and hbgly

y i.
contributions of the various glycol conformers to the values of
hpk(xgly)i and hpt(xgly)i at the various values of r/rmax.

Fig. 7 shows hpk(xrep)i and hpt(xrep)i plotted versus r/rmax,
for the same chain and bond polarisabilities as those used in
Fig. 6 and evaluated using Eqs. (39) and (40). It can be seen
that the results calculated using hbgly

x i and hbgly
y i (open sym-

bols) are in agreement, to within 0.25% at the highest values
of r/rmax sampled, with those calculated using bgly

x and bgly
y

for each conformation sampled, averaged over the MC sample.
This agreement means it is possible to remove a cumbersome
stage from the MC calculation of network polarisabilities by
pre-averaging the polarisabilities of the glycol segments rather
than calculating them for every conformation sampled. This
conclusion also holds if the Denbigh or LeGrand and
Scacchetti bond polarisabilities are used.

The terephthaloyl and glycol contributions to the repeat-
unit polarisabilities in Fig. 7 are shown in Fig. 8. As expected,
the polarisability of the terephthaloyl segment is dominant, but
that of the glycol segment is not negligible. The larger anisot-
ropies of the terephthaloyl and repeat unit polarisabilities
resulting from using the LeGrand and Scacchetti bond
polarisabilities are apparent.

It should be mentioned that, in all of the calculations de-
scribed, the vector representing the incomplete terminal
glycol segment, discussed earlier in Section 2, in relation
to Fig. 1, has been taken to span only atoms C2 to O6.
Also, to calculate its polarisability f6¼ 0� was assumed.
The errors introduced by these approximations were calcu-
lated by using a computationally more intensive method
(taking 3e4 times longer) of calculating hpk(xrep)i and
hpt(xrep)i. The chains were not divided into segments and,
for each chain, the contributions of the individual bond polar-
isabilities to hpk(xrep)i and hpt(xrep)i were summed directly.
In this way, it was shown that the approximation introduced
negligible errors (�0.001%) into the values of hpk(xrep)i and
hpt(xrep)i.
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Fig. 7. hpkðxrepÞi and hptðxrepÞi versus r/rmax for a PET chain of 120 bonds (20 repeat units) at 523 K, based on Bunn and Daubeny bond polarisabilities [21], and

using the individual values of bgly
x and bgly

y sampled and the weighted averages hbgly
x i and hbgly

y i.
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Fig. 8. hpkðxÞi and hptðxÞi, for the glycol segments, terephthaloyl segments and repeat units, versus r/rmax for a PET chain of 120 bonds (20 repeat units) at 523 K,

calculated using the weighted averages hbgly
x i and hbgly

y i. Values calculated using Bunn and Daubeny [21], Denbigh [22], and LeGrand and Scacchetti [23] bond

polarisabilities.
8. Segmental and chain polarisabilities and birefringence
in PET networks

Fig. 9 shows the MC values of hpk,repi and hpt,repi,
calculated using Eqs. (39)e(42), (49) and (50), versus defor-
mation ratio, l, for PET chains of 60, 84, 108 and 150 bonds.
The Denbigh bond polarisabilities [22] have been used. Curves
of a similar shape are obtained if the Bunn and Daubeny [21]
or the LeGrand and Scacchetti bond polarisabilities are used.
The values of hpk,repi and hpt,repi resulting from the use of
the Bunn and Daubeny bond polarisabilities are on an average
less than 1% lower than those shown in Fig. 9, whilst the
values of hpk,repi resulting from use of the LeGrand and
Scacchetti polarisabilities are some 2% higher and only
slightly different in h pt,repi. Such differences are consistent
with the values of polarisabilities shown in Table 1.
The value of both hpk,repi and hpt,repi shown in Fig. 9
for undeformed PET (l¼ 1) is 189� 10�25 cm3. It can be
seen that, due to the increasing alignment of the repeat units
with the strain direction, and because bter

x > bter
y and hbgly

x i >
hbgly

y i, the values of hpk,repi increase with increasing deforma-
tion, whilst the values of hpt,repi decrease. In accordance with
Eqs. (41), (42), (49) and (50), the increases in hpk,repi are
greater in magnitude than the decreases in hpt,repi. In addi-
tion, because [10,11,17,18] shorter chains become more
aligned to the strain direction at smaller values of l, the devi-
ations from the undeformed value increase as chain length de-
creases. In the limit of complete alignment of all the chains,
the values of pk,rep and pt,rep given in Section 4 of Table 1
(230 and 162� 10�25 cm3, respectively) will be achieved.

Fig. 10 shows D~n for PET chains of 60, 84, 108 and 150
bonds plotted versus l2� l�1. The points have been
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Fig. 9. hpk;repi and hpt;repi versus l for PET network chains of 60, 84, 108 and 150 bonds at 523 K based on Denbigh polarisabilities [22].
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Fig. 10. Birefringence, D~n, versus l2� l�1 for PET chains of 60, 84, 108 and 150 bonds at 523 K based on Denbigh polarisabilities [22].
calculated according to Eqs. (34) and (35), using the Denbigh
bond polarisabilities and r¼ 1.339 g cm�3 (see Paper I [9]).
Use of the Bunn and Daubeny [21] or the LeGrand and
Scacchetti bond polarisabilities again gives curves of a similar
shape. At the highest extension shown (l z 5), use of the
Bunn and Daubeny bond polarisabilities gives values of D~n
about 10% lower than those shown in Fig. 10. On the other
hand, use of the LeGrand and Scacchetti polarisabilities gives
values of D~n about 20% higher than those shown in Fig. 10 at
the highest extension.

In Fig. 10, it can be seen that the shorter PET chains pro-
duce higher values of D~n for a given deformation. This trend
is again due to a greater proportion of the shorter chains
becoming more aligned to the strain direction at smaller
values of l. D~n may also be evaluated approximately using
Eq. (37). The errors that arise at 500% strain are 1.49%
for a chain of 10 repeat units and 0.34% for a chain of
25 repeat units. The limiting value, D~nmax¼ 0.262, for per-
fectly aligned chains at large extensions shown in Table 1
is much larger than the values of D~n in Fig. 10 at 500%
extension.

Notice that, in disagreement with Kuhn and Grün theory,
D~n is not linearly related to l2� l�1. Eq. (37) shows that,
to a good approximation, D~n is linearly related to hpk,repi �
hpt,repi and Eqs. (39)e(42), (49) and (50) show that hpk,repi
and hpt,repi are linearly related to hP2(cos zter)i and
hP2(cos zgly)i. Thus, the non-linear behaviour of D~n with
l2� l�1 follows directly from the non-linear behaviour of
hP2(cos zter)i and hP2(cos zgly)i with that quantity. The non-
linear behaviour of hP2(cos zter)i with l2� l�1 was confirmed
experimentally in Paper I [9], and the measured values of
hP2(cos zter)i were found to be closely predicted by the
present MC modelling.

The predicted values of D~n will be used in Paper III [25] to
model the measured birefringence of drawn PET.
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